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Abstract-The Griffith theory for unstable crack propagation is re-examined to investigate the difference of
opinion as to the precise dependency ofcritical stress upon the elastic constant in a brittle materiaL The apparent
disagreement arising from the calculation of strain energy stored in a cracked body loaded at infinity is resolved
by the observation that the energy of the crack or cavity of certain shape is reasonably geometry independent.
It is found from the solution of the concentric-annulus problem that the stresses and displacements on a closed
contour about the cavity must be modified to yield the correct form of elastic energy. Clapeyron's theorem is
.employed so that the energy function may be derived from the work done by surface tractions. A general method
for determining the strain energy in an infinite medium with cavities of arbitrary configuration is presented.
Closed form solutions to the problem of an elliptically-shaped flaw are obtained and incorporated into a theory
of brittle fracture. More specifically, critical stresses for an elliptical flaw or crack owing to biaxial tension and
pure shear are provided. The present analysis also confirms Griffith's claim in 1924 that his original energy
expression, published in 1921, is indeed erroneous.

INTRODUCTION

FOR more than four decades ago, Griffith [1 J suggested an energy approach to predict
the fracture strength of elastic solids containing crack-like flaws. Using Inglis's solution [2]
for the problem of an elliptical hole in a plate subjected to all around tension; he com­
puted the elastic energy due to the presence of a crack, and compared the amount of in­
crease of this energy as the crack grows with the energy required to form the new fracture
surfaces. He then found that the critical stress needed for the failure of a crack of length
2a is

erer =J[na(I:~~3-Kl (1921) (1)

where y is the specific surface energy, E is Young's modulus, and v is Poisson's ratio.
The elastic constant K takes the value of 3 - 4v for plane strain and (3 - v)/(1 +v) for
generalized plane stress. In 1924, G~iffith [3] claimed the calculation of strain energy
leading to equation (1) was erroneous in that, quoting from his classical paper,
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(2)(1924)

"the expressions used for the stresses gave values at infinity differing from the postu­
lated uniform stress at infinity by an amount which, though infinitesimal, yet made a
finite contribution to the energy when integrated round the infinite boundary. This diffi­
culty has been overcome by slightly modifying the expressions for the stresses, so as
to make this contribution to the energy vanish."

He revised equation (1) to read as

qer = J[na(1 :~~K+ l)J
but the details of his calculations were not published. As a consequence, many of the
investigators in fracture mechanics have attempted to fill in the missing details and have
even cast doubt on such a revision.

While the critical stresses in equations (1) and (2) differ only in the quantity containing
K, the physical interpretation of the fracture criterion can change significantly for different
loading conditions. In the case of biaxial tension at infinity, the 1921 version would predict
that the applied stress parallel to the crack may either strengthen or weaken the body.
The fracture strength of an infinite medium subjected to the conditions of plane strain
may be infinite if the material is incompressible and 'is in the state of pure shear at large
distance away from the crack. These and similar view points have been supported by
Wolf [4], Smekal [5], Berry [6], Swedlow [7], and others. In general, however, Griffith's
modified work in 1924 has been accepted in the literature as being correct. In view of this
apparent conflict, the theory of brittle fracture has yet to rest on a firm foundation.

Recently, Spencer [8] has made an effort to explain Griffith's work. He argued that if
the proper tractions are specified at the boundary of a large circle around the crack to
within quantities of a certain order, then it is possible to verify Griffith's 1924 results. It
must be emphasized here that the crucial question to be answered is not how Griffith
arrived at his end results but rather to prove whether his energy expressions are determined
correctly or not?

At first, it seems that the argument could be settled by computing for the work done
by tractions applied to the outer boundary of the region bounded by confocal ellipses.
The outer ellipse is then permitted to grow without limit, while the inner ellipse degener­
ates into a sharp crack. However, the mathematics involved for a closed form solution
of the problem of confocal ellipses do not appear tractable. An alternative approach is
to establish the qualitative behavior of the strain energy function by solving a relatively
simple problem of a concentric annulus. In fact, the resemblance of the expressions for
the excess of strain energy due to a crack and a circular hole is remarkable. If uniform
stress, q, is applied in all directions at infinity, the energy of the crack having length
2a is

i1W = n(1 +V)q2a2 .{(3-K),
4£ (K+ 1),

(1921)
(1924)

(3a)

(3b)

and of the circular hole with diameter 2a is

i1W = ~(1 +V)q2a2 .{(3-K),
2£ (K+ 1),

(1921)
(1924)

(4a)

(4b)
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The only difference is a factor of 1. Hence, the concentric-annulus problem may be used
as the model to establish procedures for finding the strain energy in an infinite body.

It is intended to develop a method for calculating the work done or strain energy in
an infinite body with a cavity of any shape when extemalloads are specified at infinity.
This is accomplished by modifying the stresses and displacements on a large contour
around the cavity in accordance with the results obtained from the concentric-annulus
problem. The necessary modifications are then applied to the problem of an infinite
medium weakened by an elliptical hole. The variation of critical stress with the change
in geometry of the ellipse is also studied.

CIRCULAR FLAW IN INFINITE MEDIUM

For clarity, the circular flaw in an infinite body will be adopted as the model to demon­
strate the way in which strain energy was calculated by Griffith in 1921. The edge of the
flaw is free from normal and shear stresses. At infinity, the conditions

(Jx = e(J, (5)

are to be satisfied. The amount of tension or compression in the horizontal direction is
controlled through the parameter e. By application of Clapeyron's theorem [9], the total
strain energy in the two-dimensional elastic body as shown in Fig. 1 may be represented
by the integral

(6)

where c is the radius of a large circular contour surrounding the hole of radius a. The

T

rl------_-~~=~-~;-Url./ 'X II // Y 'ol

I / I
I / I

/ r \ I
I / \
I I 8 \ I

e~11 x \:G::r
1\ III
I I I
I I
I \ / I
I " / I
I , / I
I '-" // I
I '-- ---- I

TL---------------~

T
FIG. 1. Circular flaw in infinite medium.

stresses (Jr'1'I'8' and displacements u" VB are referred to polar coordinates r, lJ. The
boundary conditions in equation (5) may be considered as the sum of two stress systems,
namely biaxial tension and pure shear, which will be treated separately.
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The solution to the problem of a circular hole in an infinite body under biaxial tension
is well known and can be found in any text book on elasticity. It is also given in terms of
complex potentials by equations (76) in Appendix 2. To provide continuity with the
development to follow, the stresses and displacements will be presented. They are

rrr = ~ [1-( ~rJ{(1+e)- [1- 3(~fJo-e) cos 20}­

'rO = ~ ~ -(~YJ [1 +3(~YJO-e) sin 20,

(7a)

(7b)

and

Ur = :/H~K-l)+2(~rJO+e)- [1+(K+l)(~r -(~)]O-e)C0s10}. (8a)

ve = :/[I+(K-l)(~r +(~rJO-e)Sin20, (8b)

in which J.l is the shear modulus. The unboundness of the displacements at r = 00 is a
peculiarity of elasticity problems with prescribed loads at infinity and cannot be removed.
Inserting equations (7) and (8) into (6) and letting r = c, the stored energy is

(9)

W

When c becomes infinitely large, equation (9) tends toward the value

n(l + v)rr
2
c

2
{ 2 2 0--8£- (h:-l)(1 +e) +20-e) +1 (3 -h:)(1 +e)- +2(h:-l)(1

x (~r +o[(~rJ}
The term

(tension) (10)

(11)(1921)

is expected to increase without bound as c ~ 00 since it represents the energy in an infinite
body with no hole present. The contribution due to the presence of the circular hole is

T n(1 + v)rr1a2
2. 2

AW = W-~fo =-SE----U3-K)(I+e) +2(1'-1)(1 e) I,

and remains finite. For a uniformly stressed body, e = L equation (11) reduces to equation
(4a). A similar expression for the crack problem is

n(1+v)(T2a 2
AW = 8E[(3-K)(I+e)+(h:-l)(1-e)1, (1921) (12)
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which agrees with equation (3a) for e = 1. Equation (12) will be deduced subsequently
from the solution of the elliptical-cavity problem. Note that 8 W depends sensitively upon
the applied stress parallel to the line crack and it changes sign for sufficiently large value
of e.

From equations (78) in Appendix 3, the stress and displacement fields for the case of
pure shear can be derived:

Gr = r[1 (~rJ[I-3(;rJsin28,

r,e = r [I (~rJ [1 +3(~YJ cos 28,

and

U, = 2:r[I+(K+1)(~r -(~r}in28,

VB = 2:r[I+(K-1)(~r +(~rJCOS28.
It follows that the total energy is

Expanding equation (15) for c ~ a yields

{ ( )2 [( )4J}n(1 + v)r 2c2 a aW= --fj,-- 1+(K-l) Z. +0"( .
The first term

(13a)

(13b)

(14a)

(14b)

(15)

(shear) (16)

represents the energy in the body with no cavity and the second term

(1921) (17)

is that part of the energy due to the presence of the circular cavity. If the same calculations
were carried out for a cavity in the form of a crack, it can be shown that

(1921). (18)

As pointed out in [7], the shear energy of a crack vanishes for K 3-4v and v = t.
The validity of equations (11) and (17) will now be checked by solving the problem of

concentric annulus.
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CONCENTRIC ANNULUS

Let an elastic body be bounded by two concentric circles of outer radius c and inner
radius a, Fig. 2. The origin of coordinates is placed at the center of the circles and the
applied surface tractions are

(J, i[(I+e)-(I-e)cos20]+1'sin28,

1',11 ~(I-e) sin 28+1' cos 28,

FIG. 2. Plane extension of circular ring.

r=c

r = c.

(19a)

(l9b)

Equations (19) are obtained from equations (5) by transforming the coordinate system
x, y to r, 8. The tractions on the inner boundary, r = a, are assumed to vanish. Although
this problem has not been solved previously, the solution can be found without difficulty.
The details of the derivations are outlined in the Appendices.

Taking l' = 0 in equations (19), the stresses and displacements in the annulus may be
calculated from the complex functions, equations (75) in Appendix 2, by application of
the Kolosov-Muskhelishvili [10] st~ess combinations. The results are
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and

U,= 4:r[1-(~rJ-3«3-K)(~rur+~~-(~rT(K-l)(l+e)

- G+ (~r +4(~rJ(1-e)COS28+{[1-(~rJ(I+e)-~+(~)2 +(~rJ

x (K+ l)(l-e) cos 28}(~r + {~+ (~)]l-e) cos 28 }(~r),

Vo = ~r~-(~rr3 {-(K+3)(~r(~r + [1+(~r +4(~rJ

+ [1+(~r +(~t}K-l)(~r + ~+(~rJ(~r}(1-e)Sin28.

(21a)

(21b)

Upon substitution of equations (20) and (21) into (6) gives

(22)

This is an exact expression of the energy accumulated within the annulus, where c is
arbitrary. In the limit as c -+ 00, equation (22) renders the form of W for an infinite body
with a circular hole, i.e.

(23)

(24)(1924)

In the absence of the hole, a = 0, equation (10) is recovered. Moreover, the energy of the
circular hole can be extracted from equation (23):

n(1 +v)a 2a2

ilW = 8E (K+l)[(1+e)2+2(1-ef),

which is in serious disagreement with equation (11). Equation (24) is identified with
Griffith's 1924 work, because of its striking similarity to the energy of the crack given by
equation (3b). The relationship between equations (11) and (24) will be discussed later on.

Turning now to the problem of specifying a = 0 in equations (19), use is made of
equations (77) in Appendix 3. The stress components a" 1:78 can be found as

(25a)
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'YO = T [l-(Zrl J

{-6(~)\~r+[1 +(~r +4(~ rJ+2[1 +(~r+(~4J
X (~r -3 [1 +(z.rJ(~r} cos 20,

and the displacement components uy , Do are given by

(25b)

On setting r = c in equations (25), (26) and integrating, it is found from equation (6) that

W = ~(1 +;),2C2[1 (~rJ~J [1 +(K-2)(z.r+(4+K)(~r +K(~rl
As the ratio ale -+ 0, equation (27) may be written in the form

1T(I +v)r2c2{ (a)2 f,(a)4J}
W = ---E-- 1+(K+ 1) Z. +°L z. .. .

The increase of strain energy owing to the cavity becomes

(27)

,1W (1924). (28)

Comparing ,1W in equation (28) with that shown in equation (17) for the same problem
of pure shear, they obviously fail to agree. In the case of a crack, the expression for ,1W
changes only slightly, i.e.

(1924) (29)

which differs from equation (18) in exactly the same way as equation (28) from (17).
In passing, it should be reminded that equations (24) and (28) represent the correct

expressions of strain energy for the circular cavity problem of biaxial tension and pure
shear applied at infinity, respectively, since they are obtained as limiting cases from the
exact solutions of the concentric-annulus problem. Thus, there should be no doubt that
equations (11) and (17) are erroneous. Furthermore, because the same discrepancies may
be accounted for the crack problem, it is plausible to conjecture that the method of solu­
tion used for obtaining equations (12) and (18) is in error. The necessary modifications
that must be added onto equations (12) and (18) will be derived in the next section.
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PROPOSED METHOD OF SOLUTION
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As mentioned earlier, it would be difficult, if not impossible, to check the correctness
of equations (12) and (18) by solving the problem of confocal ellipses and then let the outer
ellipse be infinitely large, mainly because the theory of plane elasticity prohibits closed
form solutions to almost all problems with regions that are multiply-connected. An
exception to this is the concentric-annulus problem whose solution plays an important
role in the development of a method for finding the strain energy function.

Consider the discrepancy between equations (11) and (24) caused by the variance of
stresses and displacements in equations (7), (8), (20), and (21). If the contour of radius e
in Fig. 1 is made large as compared to the hole radius a, then equations (7) for r = e become

(J~l) = ~ {(1 +e)-(1-e) cos 2e-[(1 +e)-4(I-e) cos 2ej (~r+o[(n4J}, (30a)

,~J) = ~{(1-e) sin 2e+2[(I-e) sin 2eJ (~r +0[( ~YJ}, (30b)

and equations (8) take the forms

U~l) = ~ e{(K-1)(1 +e)-2(1-e) cos 2e+ [(1 +e)-(K+ 1)(I-e) cos 20jUr+0[( ~rJ},
(3la)

VJ1) = 2: e{2(1- e) sin 2e+ 2[(K-l)(1- e) sin 2tJJ (~r +o[(~rJ}.
In the same way for e ~ a and r = e, the stresses in equations (20) simplify to

(J
(J?) = 2[(1 +e)-(1-e) cos 2ej,

,(2) = ~(l - e) sin 2e
,8 2 '

and the displacements in equations (21) are

(31b)

(32a)

(32b)

(33a)

(33b)

U~2) = ;f.1 e1K-1)(1 +e)- 2(1- e) cos 2e+ l(K + 1)(1 +e)- 4(h: + 1)(1- e) cos 2ej

x(~r+'o[Wl
VJ2) =2~e{2(1-e)sin 2e+o[(zYJ}.

When ale is identically zero, equations (30) and (31) agree with equations (32) and (33),
respectively. In general, they must be distinguished by the superscripts (1) and (2) since
the stored energy depends upon terms of order a21e2 in the stresses and of order a21e in
the displacements. The higher order terms in ale do not contribute to the strain energy.

Comparing the two systems of stresses and displacements labeled by superscripts (1)
and (2), and defining the difference between any two like quantities by the symbol ~,
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such as !J.(Jr = (J~2)_(J~l), etc., it is found that

!J.(Jr = ~{[(1+e)-4(1-e)COS20](~r +o[(~rJ}'

!J.'r6 = -~{[2(1-e)Sin20](~r +o[(~rJ}'
and

(34a)

(34b)

!J.Ur = 2:C{[(K-1)(1+e)-2(K+1)(1-e)COS20]ur +°[(n]}, (35a)

!J.V6 = - 2: C{2[(K -1)(1 - e) sin 20] (~r+0 [(~ rJ}. (35b)

These stresses and displacements may be interpreted as corrections to equations (30) and
(31). In addition, their character suggests the following generalization

!J.(Jr = 2A -2C cos 20,

!J.rr6 = (6Br2 +2C) sin 20,

and

2
!J.ur = -r{(K-1)A +[(K- 3)Br2-2C] cos 20},

f.l

!J.v6 = ~r[(K+3)Br2 +2C] sin 20,
f.l

which are derived from the Goursat functions*

(36a)

(36b)

(37a)

(37b)

l/;(z) = 2Cz. (38)

(39)

The complex variable z stands for x + iy. Equations (36) and (37) are valid for cavities of
arbitrary shape as long as the radial distance r is large in comparison with the geometric
dimensions of the cavity. The constants A, B, and C may be evaluated from the prescribed
surface tractions. For instance, adding equations (36) onto equations (30) and applying
the boundary conditions, equations (19), yield

(J (a)2 (J (a)2A = -(1 +e) -, B = --(1-e) - ,
4 C 2c2

C

Inserting these constants into equations (36) and (37), it can be shown that the resulting
expressions are precisely those given by equations (34) and (35).

Without going into details, similar modifications may be established for the skew­
symmetric problem of circular hole. Ignoring terms of order a4/c4 in (Jr' 'r6 and of order
a4/c3 in u" V6' the supplementary terms to equations (13) and (14) can be obtained from

* Equations (38) may be inserted into the complex combinations, equations (64) in Appendix 1 to give
equations (36) and (37).
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equations (25) and (26) as

AUr = '{[4Sin20](~r +o[(~rJ},

A'r8 = ,{[ -2COS20](~r+o[(~)J}'
and

AUr = 2:C{[(K+ l} sin 20] (~r +0 [(~rJ},
AV8 = 2:C{-[(K-l)COS20](~r+o[(nj}·

11

(40a)

(40b)

(41a)

(41b)

The extension of equations (40) and (41) to handle problems with cavities of any shape can
be made by introducing the complex functions

cP(z) = iBz3, l{!(z) = 2iCz (42)

from which the corrections on the stresses and displacements are calculated. They are
given by

AUr = 2C sin 20,

ALr8 = (6Br2 +2C) cos 20,

and

1 . .
AUr = 2p. r[(3 - K)Br2 +2C] sin 20,

1
AV8 = 2p. r[(K +3)Br2 +2C] cos 20.

For a round hole, the constants Band C take the values

(43a)

(43b)

(44a)

(44b)

(45)

It is appropriate, at this point, to propose a method for evaluating the stored energy in
an infinite body, which may be summarized as follows:

"The strain energy in an infinite elastic medium, loaded at infinity and weakened by
cavities of certain shape, may be computed from the integral

f
2

"W = t 0 [(u~1)+Aur)(u~1)+Aur)+,~J)+A'r8)(vJ1)+Av8)]r=c C dO

where u~1), ,~~) and U~l), V~l) are the respective stresses and displacements on a circle of
radius r about the cavity, and the radius, c, of the closed contour can be made arbitrarily
large. The corrections l1u" l1'r8 and l1ur, I1v8 for biaxial tension and/or pure shear
applied at infinity correspond to those shown in equations (36), (37), (43) and (44)."
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If the boundary, on which tractions are specified, has finite dimensions, the calculation
of strain energy is straightforward. Complication arises only when the loaded boundary
is of infinite extent. Surprisingly enough, this kind of problem has yet to be treated satis­
factorily in the literature. To illustrate the present method of solution, equation (45) will
be applied to problems with non-circular cavities.

EI,LIPTICAL CAVITY

The problem of an elliptical cavity embedded in an infinite medium, Fig. 3, is of con­
siderable importance in the development of fracture theories. The solution to this problem

I
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FIG. 3. Infinite plate with an elliptical cavity.

O::;;m:S;1.n > 0,

can be found in the work of Muskhelishvili [to]. He considers a conformal transformation
from the z-plane, in which the cavity is elliptical in shape, onto the (-plane, in which the
cavity becomes circular, by means of the mapping function

z= w(O = n(( +~),
~he parameters m and n are related to the semi-axes of the ellipse by the relations

a-b
m = a+b'

a+b
n = -2-' (46)

Because the subsequent energy calculation requires only the knowledge of (Jr' 7:rIJ and u"
VB in a set of cylindrical polar coordinate system, it suffices to cite

(Jr - irrB = 2Re [~:i~;]-r:;~~p {z[w'(04)''(() - 4>'(Ow"(O] + IjI'(O[w'(OF}, (47)
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(48)

in which the two unknown functions <!>(() and "'(() are determined from the boundary
conditions stated in equations (19). The symmetrical and skew-symmetrical loadings.at
infinity will be treated individually.

Symmetrical loading

Let the edge of the elliptical opening be free from tractions and let the state of stress
at infinity be tension of magnitude ea in the x-direction and (f in the y-direction. For this
problem, the stress functions are POl

(fn" (m) 2(1-e)1
<!>(() = 4 e+e) (-, --(-J'

(fn { (me + 1) 0 ( }"'(() = 2m (I-e) ( -(1+m-Hm(1+e)+(I-e)](2_
m

'

The inverse of the mapping function is

(49a)

(49b)

(50)

Making use of equations (47), (49), (50) and putting z = reiO , the radial and shear stresses,
expressed in series forms, are

(f~1) = ~<1 + e) -(1- e) cos 28 - {[(1 + m2)(1 +e)+ 2m(1- e)] - 4[ m(1 + e)+ (1- e) cos 20]

x (~\o[(irJ) (51a)

T~~) = ~{(l-e) sin 2e+2lm(1 +e)+(I-e)] (~r+o[(~rJ} (51b)

Similarly, equations (48) and (49) yield the series expansions of the displacements in powers
of the ratio n/r:

u~l) = 2: r «(1 +e)(K-l)-2(l-e) cos 20 (52a)

+2{(1 +m2 )(1 +e)+2m(l-e)-(K+ l)[m(1 +e)+(l-e) cos 2en (~r+0[( ~rJ),

VJ1) = 2: r (2(1- e) sin 20 + {(K - 1)[m(1 + e) + (1 - e)] sin 20} (~r + 0[( ~fJ). (52b)
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An energy calculation, based on the stresses and displacements as they appear in equations
(51) and (52), gives

W = Wo+AW

where Wo corresponds to equation (0) and

n(1 +v)a2 n2

AW = 8E {(3-K)(1 +e)l(1 +m2)(1 +e)+2m(l-e)]

+2(K-l)(l-e)[mO +e)+(1 em, (1921).
(53)

(1924)

If m = 0 and n = a, equation (11) is recovered. In the special case of m = 1 and n = Q/2,
equation (53) reduces to the solution ofa line crack, equation (12). A further simplification
of having e = 1 renders equation (8) in [1] as obtained by Griffith in 1921. The mere fact
that AW fails to check with the correct solution, equation (24), for a circular hole indicates
that equation (53) is incorrect.

The modifications that must be imposed on equations (51) and (52) are given byequa­
tions (36) and (37), respectively. The obtained expressions are then adjusted through the
constants A, B, and C such that the stresses satisfy equations (19) with T = O. This requires

A = ~r(l +m2)(1 +e)+2m(1_e)](~)2, B = ---;[m(1 +e)+(l_e)](~)2,
4 c 2c c

C = a[m(1 +e)+(I-e)] (~r

Hence, the integrand in equation (45) is completely known and the integration may be
carried out to obtain that portion of the energy due to the elliptical cavity:

n(l +v)a2n2

AW = 8E (K+ 1)[(1 +m2)(1 +e)2+4m(1-e2)+2(1-e)2].

By suitable choice of m and n, ellipse of any dimension and shape may be realized. How­
ever, it is more convenient to express AW in terms of a and b, the semi-axes of the ellipse.
The parameters m and n can be eliminated by using equation (46) to find

n(1 + v)a 2

AW = ~E--(K+ IH(l +e)2(a2+b2)+2(l-e2)(a2-b2)+(I-d(a+b?1, (1924) (54)

which is in agreement with equation (24) for a = b. When b = 0, equation (54) takes the
form of equation (3b) and is independent of e. This implies that AW is positive definite
and is not affected by the applIed stress in line with the crack edges. The energy of Griffith's
crack corresponds to e = 1, i.e. a state of uniform stress at infinity.

Skew-symmetrical loading

The stress functions flO]

4>m = i~n, (55)

correspond to a state of pure shear parallel to the axes of the elliptical hole. To find the
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stresses and displacements in the medium, equations (47), (48), (50) and (55) may be com­
billed to give

(56a)

(56b)

(57a)

(57b)

and

u~l) = r{sin20-[4Sin20](~r +o[(~rJ},

r~Jl = r{cos2e+[2COS2e](~r +o[(~)]},

u~l) = ~r{sin20+[(K+l)Sin2e](~r +o[(~rJ},

vJ1l = 2; r{cos2e+[(K-l)COS2e](~r+o[(~rJ}.
If modifications are not imposed on equations (56) and (57), the difference between the
total energy of the system and the strain energy of the body with no hole would be

(1921) (58)

which is incorrect since it disagrees with equation (82) for n = a, the exact solution to the
circular hole problem.

The present method of analysis requires the superposition of equations (43) and (44)
onto equations (56) and (57), respectively. The constants B, C are evaluated from the
conditions prescribed in equations (19) with (J = 0, and the results are

B = - :l(~r, C= 2r(~r
It follows from equation (45) that the integration around the circular contour of radius c
yields

where n = (a+b)/2. The non-vanishing term that remains finite as c -+ CX) is

n(1 +v)r 2

LlW = ----(K+ l)(a+bf,
4E

(1924). (59)

It is surmised that equations (54) and (59) could also be obtained as limiting cases of
the problem of confocal ellipses. Moreover, the formulation of energy criterion·should
be based upon equations (54), (59) and not equations (53), (58).

ENERGY BALANCE

The classical treatment of the fracture problem as originated by Griffith [1,3] assumes
the model of a line crack in an infinite medium. This model will be extended to the case
of an elliptically-shaped defect. Griffith's energy approach considers the stored energy
and surface energy in the system. The former arises from the work done by external loads,



16 G. C. 8m and H. LIEBOWITZ

while the latter arises from the energy required for the formation of fracture surfaces as
the original defect increases in size. Symbolically, Griflith's criterion of fracture may be
written as

o
oa(~S -~W) = o. (60)

In equation (60), ~S is equal to the product of the surface area of the ellipse and the specific
surface energy of the material 1', i.e.

J
2lt

~S = 41' 0 v[a2cos20+b2 sin20) dO = 41'aE(k).

Here, E(k) is the complete elliptic integral of the second kind with modulus

k = J~-(~rJ

(61)

(63)

and its derivative with respect to a is

oE(k) = ~ (~)2 [E(k) _ K(k)),
oa 2a k

where K(k) is the complete elliptic integral of the first kind associated with the argument
k, which is related to k' by

k2+k,2 = 1.

It will be assumed that the radius of curvature, p = b2/a, at the ends of the major axis of
the ellipse remains unchanged as the length of the axis is increased, Le. op/oa = o. The
excess of strain energy ~W due to the elliptical cavity under biaxial tension and pure shear
are given by equations (54) and (59), respectively.

Biaxial tension
Substituting equations (54) and (61) into the fracture criterion eq~tion (60), the critical

stress for failure is found:

na(l+v)(K+l) 2 4 r (I+P)E(k)-k'2K(k) J
81'E (Jet = k2 L(l +e)2(3-k2)+2(I-e2)(1 +k2)+(I-e)2(1 +k')(2+k'B' (62)

which includes equation (2) for a sharp crack as a special case. The variations of the left
hand side of equation (62) with the ratio b/a for e = 1,2 are shown by the curves in Fig. 4.
For e = 1, the critical stress for a narrow ellipse and a sharp crack changes only slightly.
On the other hand, as the tension in the x-direction is increased, (Jet tends to drop appre­
ciably for a small variation of b/a about the origin. This effect is somewhat illustrated by
the curve for e = 2.

Pure shear
Applying the failure criterion, equation (60), to the problem of uniform shear, equations

(59) and (61) lead to the relation

na(l +V)(K+ 1) 2 (l +k2)E(k)-k'2K(k)
81'E "ret = k2(l +k')(2 +k')
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Equation (63) shows that r er is a complicated function of the geometry of the ellipse and
its dependency on b/a can be best illustrated by the curve in Fig. 5. For small values of bfa,

',00

0'80

N~

:::
0060+

ll:
::::IU
;:. >-
+ CD
.::: 0·400
~

0020

0·250o 00125 0·375 00500 0·625

R.
a

FIG. 5. Critical stress for pure shear.

0·750 00875 (,000



18

the critical shear stress

G. C. Sm and H. LIEBOWITZ

(1924)
T

er = J[na(1 :~~K+IJ
of a line crack differs significantly from that of a narrow ellipse.

CONCLUSIONS

A method for the analytical determination of strain energy in an infinite body with
a void of some kind is presented. Energy expressions are derived for an elliptical cavity
subjected to normal and shear loads at infinity and are incorporated into a failure criterion.
It appears that the present method of analysis is considerably simpler than the use of
curvilinear coordinates as it was done in the classical works of Griffith [1,3]. Consequently,
it is also possible to calculate the energy of cavities of more general shapes such as the
case of an ovaloid hole.

The most important result may not necessarily be the method of finding strain energy
in an infinite medium, but the primary contribution here is perhaps that the disagreement
between Griffith's results published in 1921 and 1924 is resolved and the way is cleared
for the correct application of Griffith's concepts to fracture theories.
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APPENDIX 1

Complex Variable Formulation of the Annulus Problem

The term "annulus" will refer to the region between two concentric circumferences.
The external and internal radii of the annulus are denoted by c and a, respectively, as
shown in Fig. 2. This problem will be formulated in the complex plane z = x + iy, where
the stresses* and displacements may be expressed in terms of two complex potentials
¢(z), t/J(z):

* The relation

(J, + (J. = 2[1jJ'(z)+ 1jJ'(z)]

is not needed in the present analysis.
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(Jr - iTr8 = 4>'(Z) +cI/(z) - e2i8[z4>"(z) + tjJ '(z)],

2(ur+iv8) = e- i8[K4>(Z)-z4>'(z)-tjJ(z)].

It is expedient to expand 4>'(z) and tjJ'(z) in Laurent series as follows:
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(64a)

(64b)

-00

(65)

These functions are holomorphic in the annulus, where the inner circumference may be
shrunk into a single point and the outer circumference may become infinitely large. The
logarithmic terms in equation (64b) must be eliminated to ensure single-valuedness of
the displacements. Hence, it is necessary to have

(66)

Similar relations for the remaining coefficients Ap' Bp may be established from the boundary
conditions of the problem.

Suppose that the annulus is internally free from applied loads, i.e.

(67a)

and is externally subjected to surface tractions, which may be represented by the complex
Fourier series

The coefficients Cp are determined by the formula

(67b)

Combining equations (64a) and (67) gives

p = 0, ± 1, ±2, .... (68)

The coefficients of like powers of ei8 on both sides of the above expressions are equated to
yield for p = 0,

(69)

and for p = ± 1, ±2, ... ,

(70)

Since the addition of an imaginary constant of 4>'(z) cannot affect the state of stress,
A o may be taken as real, i.e. A o = Ao. Now, the constants A o and B_ 2 in equations (69)
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may be solved:

G. C. SIH and H. LIEBOWITZ

(71)Ao = ~(c2~a2)CO' B_ 2 = (C~~:2)CO'
Moreover, the first of equations (70) demands that for p = 1,

A _1 - B_ 1 = 0, or A - 1 = lL 1

which contradicts equation (66) unless both A_ 1 and B_ 1 are identically zero. If the
tractions on the boundary r = c are self-equilibrating, C1 must also vanish. Solving
equations (70), it is found that

and

Ap = {(1 +p)(c2_aZ)c-PCp_[c2(1-P)_a2(1-P)]cPC_p}(c2/Dp),

where

(72)

p = ±2, ±3, ... , (73)

In the same fashion, Bp are obtained:

B - (1 ) 2A + 2(1-p)A-p-z - -p a p a _p' p = ±2, ±3, .... (74)

Once the constants Cp are determined from equation (68), the coeffic~ents Ap, Bp follow
immediately from equations (71) to (74). Thus, the problem is basically solved.

APPENDIX 2

Stresses Even in O"r( -0) = O"r(O); Odd in 'r/I( -0) = -'rO(O)
Let the outer circumference of the annulus be subjected to the stresses

(O"r-i'r/I)r=c = ~(1 +e)-~(l-e)e2i6

Then, equation (68) leads to
0" 0"

Co = 2(1 +e), Cz = -2(I-e), and C p = 0, for p = ± 1, -2, ±3, ....

From equations (71) to (74), the non-vanishing coefficients of A p , Bp are

0"(1- e)a2c2(a4+a2c2+c4)
A_ 2 = 2(cZ _a2 )3 ,

and



On the Griffith energy criterion for brittle fracture

which may be inserted into equations (65) to render the Goursat functions

<1a
2c2

~ (c2
) 2 1J<jJ(z) = (2 23 (1+e) 2-1 z-2(1-e)z3-2(1-eHa4 +a2c2+c4 )=-,

4 c -a ) a z

<1a
2
c

2 r (c4
) 1

ljJ(z) = 2(c2_a2)3 ~1-e) 4a2+C2+ a2 z-(1+e)(c2-a2f~

-(1 +e)a2c2(a2+c2):3J.
By letting the radius c to become infinite, equations (75) reduce to

<1r1 (1-e)a2]
<jJ(z) = 2L2(1+e)z z '

ljJ(z) = ~r(1-e)z- (1 +e)a
2

(1-e)a
41.

2~ z Z3 J
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(75a)

(75b)

(76a)

(76b)

Equations (76) represent the solution to the problem ofa circular hole in an infinite medium
under biaxial tension.

APPENDIX 3

Stresses Odd in <1,(-0) = -<1,(0): Even in -r,J-0) = -r,J0)
When the stress combination

is substituted into equation (68), aU coefficients in the Fourier expansion, equation (67b),
vanish except

C2 = -i-r.

The corresponding coefficients in the Laurent series, equations (65), are

and

3i-ra4c4(a2 +c2
)

(c2 _a2 )3

Hence,

(77a)

(77b)
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The Goursat functions for the case of an infinite plate with a round hole subjected to pure
shear are obtained from equations (77) by setting c = 00 and are given by

. 2

</>(z) = ITa ,
Z

(78)

(Received 11 August 1966)

Resume-La theorie de Griffith relative a la propagation d'une fissure instable est de nouveau examinee pour
etudier les differences d'opinion concernant la dependance precise de l'effort critique sur la constante elastique
dans une matiere fragile. Le desaccord resultant du calcul de I'energie de tension contenue dans un corps fele
charge a l'infinite est resolu en observant que I'energie de la fissure ou cavite d'une certaine forme est
geometriquement independante. L'on a deduit de la solution du probleme de I'anneau concentrique que les
efforts et deplacements sur un contour ferme aux environs de la cavite doivent etre modifies pour produire la
forme correct d'energie elastique. La theorie de Clapeyron est appliquee de faeon que I'on puisse deriver la
fonction d'energie a partir du travail effectue par les tractions de surface. Une methode generale pour la deter­
mination de I'energie de tension dans un milieu infini, ayant des cavites d'une configuration arbitraire est
presentee. Des solutions de formes fermees sont obtenues pour la resolution du probleme d'une fissure de forme
elliptique et sont incorporees dans une theorie de fracture de corps fragile. Plus precisement, des charges critiques
pour une fissure elliptique causee par une tension biaxiale et cisaillement pur y sont donnes. Cette analyse actuelle
confirme egalement les revendications de Griffith en 1924 que son expression de I'energie originale. publiee en
1921 est en effet erronee.

Zusammenfassung-Die Theorie von Griffith flir das labile Vordringen des Ril3es wird untersucht urn die
verschiedenen Ansichten iiber die genauen Zusammenhange zwischen der kritischen Spannung und der elastischen
Konstante in spriidem Meterial festzustellen. Die anscheinende Meinungsverschiedenheit ~e aus der Berechnung
der Formanderungsenergie eines geril3enen Kiirpers bei Unendlichkeit, die aufgespeichert ist entsteht wird durch
die Beobachtung geliist, daB die Rif3.. oder Hohlkiirpernergie gewisser Formen geometrisch unabhangig ist.
Aus der Liisung des Konzentrischen-Kreisringproblemes wird festgestellt, daB die Spannungen und Verschie­
bungen einer geschlossenen Kurve urn den Hohlkiirper geandert werden miissen urn die korrekte elastische
Energieform zu ergeben. Das Theorem Clapeyrons wird angewandt urn die Kraftfunktion aus der geleisteten
Arbeit abzuleiten. Eine allgemeine Methode zur Feststellung der Spannungsenergie in einem unendlichen
Medium mit Hohlkiirpern beliebiger Form wird gegeben. Geschlossene Liisungen werden flir das Problem der
elliptischen Risse gegeben und in die Theorie der Spriidbriiche eingereiht. Insbesondere werden die kritischen
Spannungen flir eine elliptische Rif3.. oder Bruchstelle als Foige biaxialer Spannung und reiner Scherung gegeben.
Die gegebene Analyse bestatigt auch Griffith's Ansicht, (1924) daB scin urspriinglicher Energiesatz, wie in 1921
veriiffentlicht ferhlerhaft war.

AOCTpaKT-TIepecMaTpHBaeTcli TeopHli rpHlj>lj>HTca ,nJIli pacrrpocTpaHeHHlI HeYCTOH'iHBOH TpeIl.J,HHbI,
'iTo6bI HCCJIe,nOBaTb pa3HHl.\Y MHeHHH OTHOCHTeJIbHO TO'iHOH 3aBHCHMOCTH KpHTH'ieCKOrO HarrplilKeHHlI H
:maCTH'ieCKOH rrocTollHHOH B xpyrrKoM MaTepHaJIe. BH,nHMoe HeCOrJIaCHe, B03HHKalOIl.J,ee H3 BbI'iHCJIeHHH
:meprHH ,nelj>opMaltHH, HaKOIlJIlilOll.J,eHCH B TpecHyTOM TeJIe, HarpylKeHHoM B 6ecKoHe'iHOCTH, pa3peIIIaeTCH
Ha6JIIO,neHHeM Toro, 'iTO :meprHlI Tpell.J,HHbI HJIH rrOJIOCTH orrpe,neJIeHHolt lj>OPMbI yMepeHHO reOMeTpH'ieCKH
He3aBHCHMa. 1'13 peIIIeHHH rrp06JIeMbI KOHlteHTpH'ieCKOrO KpyroBoro KOJIblta HaH,neHO, 'iTO HarrpHlKeHHlI H
CMell.J,eHHH Ha 3aMKHyToM KOHType OKOJIO rrOJIOCTH ,nOJIlKHbI 6bITb H3MeHeHbI, 'iTo6bI yCTyrrHTb rrpaBHJIbHOH
lj>opMe 3JIaCTH'ieCKolt 3HeprHH. TeopeMa KJIaneHpOHa ynoTpe6JIHeTCH TaK, 'iTO lj>YHKltHH 3HeprHH MOlKeT
6bITb BbIBe,neHa H3 pa60TbI CHJI ClteIlJIeHHlI rrouepxHOCTH. TIpe,nJIaraeTCli 061l.J,HH MeTO,n orrpe,neJIeHHlI
3HeprHH ,nelj>opMaltHH B 6eCKOHe'iHolt cpe,ne C rrOJIOCTlIMH rrpOH3BOJIbHOH KOHlj>HrypaltHH. TIOJIy'ieHbI
peIIIeHHlI 3aMKHYTOH lj>OPMbI rrp06JIeMbI 3JIJIHrrTH'iecKH-06pa3Horo ,nelj>eKTa H 061>e,nHHeHbI B TeopHIO
xpyrrKoro H3JIOMa. DOJIee CrreltHlj>H'iHO ,nalOTcli KpHTH'iecKHe HarrplilKeHHlI ,nJIli 3JIJIHrrTH'ieCKOrO ,nelj>eKTa
Tpell.J,HHbI rro rrpH'iHHe 6HaKCHaJIbHOrO HaTlilKeHHlI If 'iHCTOrO c,nBHra. HaCTOllll.J,HH aHaJIlf3 rro,nTBeplK,naeT
TaKlKe yTBeplK,neHlfe rplflj>lj>HTca B 1924-M ro,ny, 'iTO ero rrepBOHa'iaJIbHOe BblpalKeHlfe 3HeprHH, orry6JIIfKO­
BaHHoe B 1921-M ro,ny-,neHcTBIfTeJIbHO OIIIIf6o'iHO.


